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To test the ability of different turbulence models to predict the turbulent mo- 
mentum transport in the viscous sublayer, measurements are performed with a laser 
Doppler - velocimeter ( L D  V )  . The main objective of the experiments is to measure 
the - u’ v’ correlation in the near wall region. The results support the correlation: 
- u ’ v’ = Aky . The results of 2 - 0  computer simulations using four different low 
Reynolds number k-e turbulence models are compared with the experimental LDV 
data. The models tested are the original low Reynolds number k-6 model of Jones 
and Launder (1972, 1973) and three later modifications by Chien - (19801, Lam and 
Bremhorst (1981 ), -and Nagano and Hishida (1987). The u’ v’ correlation was 
found to be underestimated with all four models, but the Chien model was superior, 
with only a 40% underestimation in the viscous sublayer. 

+ 3  

Introduction 
If gradients in static pressure, temperature or concentration 

are small and if mass fluxes are small or absent, then near- 
wall mean and turbulence quantities vary in a known and 
predictable way from one flow situation to another. Thus, a 
measured distribution of the turbulent viscosity or measured 
mass- or heat-transfer coefficients from one set of data can 
be used to predict other flows which fulfill the above require- 
ments. However, if any of these requirements is not fulfilled, 
then the “universality” is lost. A well-known example of such 
a situation is when heating or cooling creates sharp temperature 
gradients. Another example, which we have mainly dealt with 
(Rosen, 1992), is high Schmidt number (1,000<a< 100,OOO) 
mass transfer in the concentration boundary layer over ul- 
trafiltration membranes. 

Ultrafiltration is a pressure-driven membrane process and 
the membranes selectively retain macromolecules. The mac- 
romolecules filtered in UF have physical properties which are 
highly concentration-dependent , and the property gradients 
near the membrane surface become very steep. The viscosity 
“at” the membrane surface can be more than ten times higher 
than the bulk viscosity. To predict “nonuniversal” flows, such 
as flows exhibiting gradients of physical properties, injection 
or suction, a “model” is needed that can spatially resolve these 
phenomena. A numerical procedure which can solve the gov- 
erning transport equations will be the required “model.” When 
turbulent flows are considered, as here, a turbulence model is 

also required to calculate the turbulent transport of momen- 
tum. Various models can be used to calculate the Reynolds 
stresses, which have been a popular tool during the past 20 
years. Extensive review articles have been written by, for ex- 
ample, Rodi (1980), Pate1 et al. (1985), Nallasamy (1987), and 
Hanjalic (1988). One of the most widely used group of models 
is the k-E turbulence models which employ two transport equa- 
tions: one for the turbulent kinetic energy and the other for 
the dissipation rate of turbulent kinetic energy. Despite the 
fact that this group of models is based on rather severe sim- 
plifications and assumptions (Rodi, 1980; Hanjalic, 1988), it 
still remains one of the most widely used approaches by sci- 
entists and engineers. 

One of the main objectives of this work is to find a low 
Reynolds number k-E turbulence model that predicts correctly 
in the viscous sublayer to calculate high Schmidt number mass 
transfer. The low molecular diffusivity of high Schmidt num- 
ber (1,000<a< l00,OOO) solutes leads to a much thinner con- 
centration boundary layer than the momentum boundary layer. 
The concentration boundary layer is only a few y’ in thickness 
and does not extend beyond the viscous sublayer (Mizushina 
et al., 1971; Shaw and Hanratty, 1977). In this region, the 
turbulent transport of momentum is very small compared with 
the molecular transport of momentum. The magnitude of the 
turbulent viscosity belowy’ = 2 is less than 1 @lo of the kinematic 
viscosity. However, for high-Schmidt-number mass transport, 
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Diffusivity*109 (m%) regarding its performance in the wall-near behavior of the 
I I I viscous sublayer. The turbulent viscosity is for the k-e models 

I 35 4 + turbulent a s i o n  
molecular diffusion I derived as: 

k2 
VI = CJ, T (3) 

E 2.5 
6 where C, is a model parameter and f ,  is an empirical function. 

The k-6 models employ two transport equations, one for the 
turbulent kinetic energy k [ k =  (1/2)(uz’*)] and theother foEhe 
turbulent kinetic energy dissipation rate [ E  = v(au,’/ax,) / (a#,’/ 
ax,)] from which the k and E fields are calculated. The transport 
equations for k and E read in the Cartesian coordinate system 
for a steady, two-dimensional, incompressible boundary layer 
flow: 
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Figure 1. Molecular and turbulent diffusion for a solute -ak u-+ - ak  v-=- a [ (.+$ g] +v,(g)2-E (4) 
with u = 5,000 at Re = 20,000. ax ay ay 

- ar - ar a 
the situation is different, as shown in Figure 1 where the tur- ax ay ay 

u-+v-=- 
bulent and molecular diffusions are compared for a solute with 
a Schmidt number of 5,000.  In the calculations of mass transfer 
it is common to use a turbulent Schmidt number to relate the 

+C,,fi f vl(g)2-c€2h k + E  P (5) 

turbulent transport of momentum to the turbulent transport 
of a species concentration. So, to calculate high-Schmidt-num- 
ber mass transport via the turbulent Schmidt number concept, 

where 

accurate predictions must also be made in the viscous sublayer E=:+D 
of the turbulent transport of momentum. 

In this article, results from laser Doppler velocimeter (LDV) 
measurements are compared with simulation results from four 
different low Reynolds number k-E models. Emphasis is placed 
on the performance of the models in the viscous sublayer. 

and R, = k2/vC, Ry = a y / v ,  y + = yu* /v. 
In this set of equations, C,, ClC, C2,, a,, and a, are constants 

also used in the high-Reynolds-number versions of the k-E 
model. Their values are usually found by computer optimi- 
zation. Table 1 shows low-Reynolds-number k-e model pa- 
rameters and functions. 

Theories and Methods 

Momentum transport Numerical method 
The time-averaged Navier Stokes equations, so-called ReYn- 

olds’ equations, read in the Cartesian coordinate system, for 
a steady, two-dimensional boundary layer flow: 

- a(pU) - a(p77) als u-+v-- - -- 

The numerical method used to solve the transport equations 
for u, v, k and is a control volume formulation and is detailed 
by Patankar (1980). An adapted and modified form of the 
computer code PASSABLE was employed in the simulation 
program used in the work. PASSABLE is a code for boundary 
layer and other parabolic flows. It solves an equation of the 
type: 

ax ax aY 

- 
Calculation of the u ’ v 
number k-c models 

in this work: 

correlation: Low-Reynolds- 

To predict u ‘ v ‘ ,  the turbulent eddy viscosity concept is used 
- 

Four low-Reynolds-number k-E models, Chien, 1980 (CH), 
Jones and Launder, 1972, 1973 (JL), Lam and Bremhorst, 
1981 (LB), Nagano and Hishida, 1987 (NH)] have been tested 
to calculate the eddy diffussivity V, with special consideration 

in a step-by-step forward marching procedure. Here, C#J denotes 
the dependent variable (U, V, k and E ) ,  r is the corresponding 
diffusion coefficient, and S is a source/sink term. Only the 
variables of the step under considerations and those from the 
previous step are stored. The fields of the dependent variables 
are given initial values, and the stepwise procedure is thereafter 
maintained until a convergent solution is obtained. 

The number of nodal points used was between 120-200, and 
the first point was situated at y+=0.001-0.01. To obtain 
sufficient resolution in the near wall region, the nodal points 
were placed closer and closer as the wall was approached. 
Somewhat less than half of the nodal points were situated below 
yc  = 5 .  The simulation results were found to be independent 

- -  
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Table 1. Low-Reynolds-Number k-c Model Parameters and Functions: uk = 1.0 and a, = 1.3 

Code C,,  C,, C, E D c w  f l  fi f 2  

JL 1.55 2.00 0.09 2 u w , ( 3 2  2 u ( 3 2  0 e- 2.541 + RJSO) 1 .O 1 -0.3e-R: 

+ 
CH 1.35 1.8 0.09 - zu I @.SY' 2 u  - 0 1 -e-W 1 .O 1 -0.22e- ( R J d  

k 
Y 2  Y 2  

where c3 = 0.01 15 

LB 1.44 1.92 0.09 0 0 a2k (1  + 20.5/R,) I+(0.O5/fp)' l - e ( - R : )  
X ( 1 - e ( - 0 . 0 1 6 5 R  ) 2 

"ayz 
y )  

(1 -,-y'/26.5 2 NH 1.45 1.9 0.09 ( i - J , , ) ~ w , ( ~ ) ~  2w(3' 0 ) 1 .O 1 - 0.3e- ': 

of the number of nodal points and of the initial values of the 
fields of the dependent variables. 

- 
Measurements of the u ' v correlation: experimental 
setup 

The experiments were carried out in a 3.5-m-long rectangular 
channel (0.14 ~ 0 . 0 5  m'). The mean flow in the circuit was 
measured with an electromagnetic flowmeter. Measurements 
were made with the LDV measuring device through a window 
0.4 m from the outlet (see Figure 2). The low aspect ratio of 
the channel was chosen as a practical necessity. It would have 
been desirable to have a higher aspect ratio so that three- 
dimensional effects could have been avoided. Measurements 
over ultrafiltration membranes were performed in the same 
equipment (Rosbn, 1992), and because of the relatively high 
pressures used in the ultrafiltration experiments it was not 
possible to increase the dimensions of the channel. 

Measurements of the IL)vI correlation: LD V system 
A TSI system 9100-7 with two blue beams and two green 

I 

Figure 2. Crosssection of the channel. 
The green beam pair used to measure the velocity component 
normal to the surface is arranged for near-wall measurements. 

beams was used: two velocity components were measured si- 
multaneously, one with each color. The conventional beam 
configuration was rearranged so that measurements could be 
made closer to the surface. The four beams are usually situated 
symmetrically around a central point. In the setup, the beam 
in the lowest position was raised to the central position so that 
the beams measuring the horizontal flow component and one 
of the other two beams were at the same level (see Figure 2). 
This setup was chosen because of the desire to measure as close 
as possible to the wall. To avoid the beams striking the lower 
surface of the channel before the measuring point was reached, 
the channel was tilted at an angle of 3". Due to this and the 
fact that the beam in the lowest position is raised to a central 
position, the velocity component perpendicular to the lower 
surface was rotated by an angle of 6 " .  Tilting of the channel 
in relation to the optical axis and rotation of the green beam 
pair for the Vvelocity measurement cause an angular deviation 
from orthogonality as pointed out by Karlsson et al. (1992). 
The difference between measured velocity and velocity in the 
normal direction was about 0.5%. With this beam configu- 
ration and a lens of 120 mm in focal length and beam expansion 
to reduce the probe volume size, a measuring volume with a 
height of 20 pm and length of 100 pm would be created ideally. 
Compare the size of the measuring volume with the viscous 
lengths in Table 2 for an impression of its relative size. Back- 
scattered light collection was employed. Silicone carbide seed- 
ing (mean diameter 1.5 pm) was added to the fluid to increase 
the data generation rate. 

The main o b M v e  was to obtain measurements of the Reyn- 
olds stress --pu'u' close to the wall. To attain this the meas- 
uring volumes for both beam colors must coincide. The 
difference in the optical pathways of the two pairs of beams 
gives rise to a difference in the locations of the two measuring 
volumes. These were made to coincide by using the beam 
steering capability of the LDV device. The positions of the 
measuring volumes were checked by traversing one beam at a 

Table 2. Scales and Parameters for Cases A, B and C 

U U* t* I' 
Case m/s Re mm/s ms w 

- 

A 0.106 7,800 7.07 20.0 127.0 
B 0.211 8,500 14.28 8.7 118.0 
C 0.276 20,000 14.95 4.9 63.0 
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time, in steps of 10 pm, past a fixed set of cross wires (diameter 
5 pm) situated in the channel at the measuring point. The edges 
of the beams could thus be found by observing the cross wires 
(when one of the wires was hit by the beam, a sharp reflection 
was seen from the wire). With this technique and with meas- 
urements from the unstirred initial “TSI setup,” the shape 
and size of the measuring volumes found were roughly the 
same as those predicted by theoretical calculations (Johansson, 
1988b). The theoretically expected displacement between the 
two measuring volumes in the direction of the optical axis, 
due to the asymmetrical beam configuration, was also ob- 
served. 

This choice of optical setup and beam steering does not lead 
to the ideal case, with the beams crossing at the beam waists, 
which is assumed when calculating the velocity from the Dop- 
pler shift of the frequency. However, since the shape of the 
beams near the beam waists changes very slowly, only small 
errors occur in the results when the distance from the measuring 
point to the beam waist is reasonably small. The calculated 
error was < 1% (Hanson, 1973). 

To measure correctly the Reynolds stress, the measurements 
of the two components must coincide not only in space but 
also in time. Therefore, a coincidence window was set at the 
counter of the LDV device. This is a time interval, r,, during 
which measurements of both components must be generated 
to be accepted as valid data. This interval is dictated by the 
maximum and minimum time required for the two velocity 
components to generate a valid sample. 

- 
Measurements of the u‘ v’ correlation: data collection 
routine 

A problem of using the LDV technique is that it is not 
possible to choose the time interval for velocity measurements. 
To minimize bias effects due to velocity-dependent sampling 
rates, data on a time scale shorter than a characteristic time 
scale of the flow have been collected. A measure of the shortest 
time scale is the viscous time t * [  = v/( u * ) * ] .  If the time interval 
between the measurements can be kept below t * ,  a quasi con- 
tinuous time series will be obtained. For this reason, the flow 
was heavily seeded and the counters in the LDV system were 
set to work in the continuous mode. The information on the 
elapsed time between data points was collected and used in the 
calculation of turbulence statistics to give proper weight to 
each individual sample. 

Below y +  = 5 ,  it became difficult to maintain the data col- 
lection rate. More than 60,000 values were collected at each 
measuring point to obtain high accuracy in the calculations of 
the turbulent statistics. Below y +  = 5 ,  fewer data were collected 
because of lower data generation rates. The counters have 
validation circuitry which should exclude incorrect measure- 
ments. However, some bad samples were still accepted, which 
have been removed by the following routine. The data set was 
searched for the lowest and highest velocities. Thereafter, the 
interval between them was divided into 100 equally large 
“boxes” and each data point was sorted into the appropriate 
“box.” If in the ten highest and/or lowest intervals there were 
one or two data points, the most extreme data point was re- 
moved. This procedure was repeated until no outliers were 
found. The number of bad samples increased as the wall was 
approached, but was never more than 0.1070 of the total number 
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of data points. The data-collecting routine described here is 
the same as that used by Johansson (1988b). In his thesis, 
Johansson shows that it is possible to obtain virtually contin- 
uous time histories of the velocity components in a turbulent 
flow field using this technique in a counterbased LDV system. 

- 
Measurements of the u ‘ v ’ correlation: experimental test 
cases 

Results are reported from three cases: 
(A) Water and small amounts of Dextran T70 (0.125 wt. 

Yo), u, = 0.106 m/s; hydraulically smooth channel 
(B) Glycerol-water mixture (25 wt. To glycerol) into which 

0.125 wt. To Dextran T70 was added, u,=O.211 m/s; the 
viscosity of this mixture was 1.95 times the viscosity of water; 
hydraulically smooth channel 

(C) Water and small amounts of Dextran T70 (0.125 wt. 
Vo), u, = 0.276 m/s; hydraulically smooth channel; maximum 
20,000 data values 

Results: LDV Measurements 
Mean velocity pro file 

Mean velocity profiles could be measured down toy’ 20.6, 
(y’ =yu*/v), in cases A and B and in case C down toy’ 22.3. 
The fit to the linear profile below y +  = 5 is good. Linear regres- 
sion gives a standard error of the coefficient of direction that 
is less than 1%. The friction velocity u* is a key factor in 
scaling accuracy. Considering the small error in the coefficient 
of direction, temperature variance in the circuit and the fact 
that velocity bias cannot be excluded in the near wail region 
(since the data generation rate is decreased), the error in u* 
was estimated to have a standard deviation in the range 2-5%. 
It was not possible to measure closer to the wall, mainly because 
of poor signal quality caused by flare from the wall. One 
difficulty with LDV measurements is the determination of the 
exact position of the wall. The “zero-level” experimentally 
obtained was corrected by extrapolating the linear velocity 
profile below y’ = 5 to pass through the origin. Since the stand- 
ard error of the coefficient of direction was low, < I % ,  the 
estimate is that the error in y was in the range 0.005-0.01 mm. 
This corresponds to y’ values in the range 0.05-0. ly’. The 
friction velocities in Table 2 were calculated from the velocity 
gradients below y’ = 5. 

Turbulence intensities and higher-order moments 
To check the quality of the measurements of turbulence 

intensities, skewness and flatness factors were calculated for 
the two velocity components. Good agreement was found with 
literature values, but a decrease in quality for the Vcomponent 
was found in the third and fourth moments. This decrease was 
probably due to strong flare from the upper green beam as it 
hits the wall. 

In Figure 3 the local turbulence intensities for the velocity 
component in the mean flow direction U, (= @/U), and 

the velocity component V ,  (= u /U), are shown. There is 
good agreement with measured turbulence intensity profiles 
reported in the literature (for example, Johansson, 1988a,b; 
Nishino and Kasagi, 1989). A value of about one of the skew- 
ness factor was obtained in the near-wall region, for the main 

- _  
- _  
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Figure 3. Local turbulence intensities in inner-law scal- 
ing. 
0 ,  A, Re=7,800; +, x ,  Re=8,500; 0 ,  V, Re=20,000. 

flow direction component S,[ = u's/( u ) ' ] shown in Figure 
4, which is the same as reported by others (Johansson, 1988a,b; 
Nishino and Kasagi, 1989). At about y+  = 12, a change in sign, 
from positive to negative, is reported in the literature which 
was also found in these measurements. The skewness factor 
S"[ = u ) ] in Figure 4 is essentially in agreement with 
reported results down to about y' =2, but below y' = 2  a 
different trend was observed in the measurements. Instead of 
attaining positive values, the curves turn downward to negative 
values. This decrease in quality is revealed in the sensitive third 
moment. As the difference is not large compared with other 
measurements, this quality decrease is probably not of any 
major importance when calculating moments ofwer order 
or in the calculation of the Reynolds stress --pu'v'. A value 
of the flatness factors of U in Figure 5 ,  [F,, = u'4/( fl)4], 
of about 4.2 in the near-wall region has been reported in the 
literature which also was found in these measurements. The 
flatness factor F, for y +  <20 is in the range between 4 and 15 
as expected, but the data scattered to a high degree as shown 

S 

; 
A 

+ o+ 0 
0 ,  a. 

(0 ' iz 14 ' 
Y+ 

Figure 4. Skewness factors for U and W. 
o, A,  Re=7,800, +, x Re=8,500; 0 ,  V Re=20,000. 

Figure 5. Flatness factor for U. 
, Re= 7,800; + , Re= 8,500; and Re= 20,000. 

in Figure 6 and is mainly attributed to the high noise level due 
to flare from the wall. Another contributing factor to this 
scatter is the case of collecting a too low number of data values. 
This number was chosen to give a stable third moment which 
guarantees correct values of this and lower moments (as the 
u'v'  correlation). 
- 

Reynolds shear stress 
In Figures 7a-7c, the experimental results are s h o z f o r  

cases A, B and C, respectively, of the variation of - u 'v '  in 
theviscous sublayer. In Figure 8, the measured variation of 
- u ' v '  for case B is extended to higher y +  values. Figure 8 
shows that a value of about 0.5 at y' = 12 was found, as 
expected. 

The skewness and flatness factors have been calculated from 
the LDV measurements of u ' v ' ,  as shown in Figures 9 and 
10. Good agreement was found with those of Johansson 
(1 988a,b). 

The following equation can be derived fro= Taylor series 
expansion of the turbulence shear stress - u ' v ' + ,  for y+-0 

F" 

Figure 6. Flatness factor for V: case B. 
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Figure 7c. Dimensionless Reynolds stress, - u’ Y ’ / U * ~  
- 

vs. y+: case C. 
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Figure 8. Dimensionless Reynolds stress, - u’ Y’/u** vs. 
y + ,  extended to higher y+ values: case B. 

(for example, Hinze, 1959, p. 620; Monin and Yaglom, 1975, 
p. 279): 

- 
- - u ‘ u ’ +  - - A ~ + ’ + k ? y + ~ + . . .  (7) 

- 
If y +  is small the variation in u ’ u ’ +  can be expressed by the 
leading term in Eq. 7: 

- 
(8) - u ’ u ‘ +  - - Aly+” 

To decide the power of the correlation fits were made of the 
experimental results to the following rewritten form of Eq. 8: 

- 
log (-u’u’+)=log ( A , ) + n  log @ + )  (9) 
- 

Plotting log ( - u ’ u ’ + )  vs. log@’) gives a line whose slope is 
n. In Table 3, results are presented for n. Results are also 
included from other near-wall measurements; LDV measure- 
ments by Johansson and Karlsson (1 988a) and measurements 
performed by Nishino and Kasagi (1989) with a three-dimen- 

-SIN 
10 , 

R1~7.800 
0 RC-8.500 
+ RC=m,w 

Figure 9. Skewness factor for the Reynolds stress. 
o , R e = 7 , 8 0 0 ;  0 ,  Re=8,500; + , R e = 2 0 , 0 0 0 .  

Y+ 
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Figure 10. Flatness factor for the Reynolds stress. 
o,Re=7,800; o ,Re=8,500;  +,Re=20,000.  

sional particle-tracking velocimeter. Results are also given from 
low-Reynolds-number direct numerical simulations of the Na- 
vier-Stokes equations (Kim et a l d 9 8 7 ) .  The experimental 
results support the correlation, - - u ' u ' +  = A L ~ + ~ ,  although the 
experimental uncertainty in this region is quite high. The fits 
of the data to they+3 correlation are rather good at low Reyn- 
olds numbers. The fit of the results from the direct numerical 
simulations is, in fact, almost perfect. However, for high Reyn- 
olds numbers the fits are poorer. This discrepancy can be 
explained by the fact that the region over which they" expres- 
sion is valid moves closer to the wall with increasing Reynolds 
number, while the closest measuring point in dimensionless 
units is further from the wall. In Figure 11, the exponent n in 
Eq. 15 is shown from fits of the experimental data of case B. 
The point with the lowest y+ value is obtained for the five 
measuring points closest to the wall, the next fit in the diagram 
is for the measuring points 2 to 6 and so on. The y +  values 
are for the middle of each y+ interval. The value for the n 
exponent decreases with increasing y+  value. The reason for 
the difference in the value of the exponent might also be that 
the experimental error in the determination of the dimension- 
less distance is increased when the Reynolds number is in- 
creased. The physical distance in meters corresponding to a 
dimensionless distance unit is decreased with increasing Reyn- 
olds number (since the friction velocity increases), while the 
experimental errors corresponding to the determination of the 
physical distance from the wall are of the same magnitude. 

Fits has also been made to a pure y+3  correlation: 

Table 3. Results from Fits to Eq. 16 

n*SD 
Results from Re Error (y' <4) 

Kim et al. (1987) 5,700 3.01 *0.01 
Nishino et al. (1989) 6,560 2.58*0.07 
Rostn (1992) 7,800 3.02 f 0.48 
Rostn (1 992) 8,500 3.1 1 *0.31 
Rostn (1992) 20.000 2.31 *0.20 
Johansson et al. (1988) 75,600 2.32*0.16 

n 
4 ,  

i 0 

o n  3i 
0 

0 

0 

0 
0 

u, 
Figure 11. Exponent n plotted against a midpoint value 

of y' for different intervals of y+ .  

A comparison between the experimental data points and the 
obtained y+' correlations (the solid lines) is made in Figure 7. 
In Figure 12, the results of Ak coefficients are compared. These 
coefficients are obtained from least-squares fits of experimen- 
tal results to y + 3  correlations according to Eq. 10. There is a 
clear tendency toward increasing Ak with increasing Reynolds 
number. The Reynolds number from the measurements of this 
article and those of Johansson and Karlsson is based on the 
hydraulic diameter due to low aspect ratios, while in other 
cases it is based on the half-channel height due to high aspect 
ratios (> 10). The obtained values of At can be described as 
a function of the Reynolds number: 

Ak = O.O014[ 1 - exp( - 6 / 2 ) ]  (1 1) 

where Rem,=(Re-3,000)x 

Equalion 1 I 
0.0014- 

Johamson 1988 
Modified Chcn 

0.001- 

-.I Kim IYX7 
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Influence of Reynolds number on the u ' v ' correlation 
coefficient Ak: theoretical analysis 

The influence of the Reynolds number on Ak can be ex- 
plained from theoretical considerations. The following equa- 
tion is valid for a fully developed flow (Tennekes and Lumley, 
1972): 

2y' du' - 
h' dy' 

l--=--u'v'+ 

where h' is the dimensionless height of the channel. If  Eq. 10 
is adopted, then Ak can be expressed as: 

The variation of the dimensionless velocity u' ( = U / u * )  across 
a constant-stress inner layer is constrained by the following 
expressions as boundary conditions: 

- 
u +  = O  and u 'u ' '  = O  at y'=O (144 

U +  = ( I /& y' + B for y' > 30-50 (14b) 

The restriction in Eq. 14a is a result of the "no-slip" condition, 
and Eq. 14b results from near-wall scaling and the assumption 
that the outer velocity defect law and inner wall law overlap 
in some region. A great deal of effort has been devoted to the 
construction of a single equation for u +  in terms of y'. These 
attempts were unsuccessful until Spalding (1961) observed that 
the inverse function could be obtained. Spalding proposed the 
following equation for y f  =y+  ( u ' )  after considering the lim- 
iting conditions, together with experimental data: 

n = 4  

y '=u++exp(-A)  e x p ( K u + ) - l - x  (KU')" /~!  
n = 3  

where A = KB. The values, K = 0.41 and B =  5.2, were adopted 
for this equation (usually reported values of B are about 5.0- 
5.5). Differentiation of Eq. 15 with respect to u' gives an 
expression for dy+/du' . After combining the expression for 
dy+/du+ with Eq. 13, the following relationship is obtained: 

n = 3  

- 1 - (KU')n/?l!]]]/y+3 (16) 
n = I  

To calculate Ak,  an expression is needed to describe h'( = hu*/ 
v). Dean (1978) made a comprehensive literature review of the 
Reynolds number influence on the friction factor for turbulent 
flow between parallel plates and suggested the following re- 
lationship: 

f = 0.073Re-0.25 (17) 

Due to the definitions of the friction factor and the friction 

Table 4. Fanning Factor Predicted by k-c Models and Dean's 
Correlation 

Fanning Friction Factor Reynolds 
Number Dean NH LB JL CH 

8,700 0.0078 0.0068 0.0066 0.0064 0.0067 
22.600 0.0061 0.0054 0.0054 0.0052 0.0054 

velocity, the following equation is obtained for the dimen- 
sionless height: 

h + = 0.19 1 Re0.R75 (18) 

If Eq. 18 is substituted into Eq. 16, then an expression is 
obtained from which Ak can be computed as a function of the 
Reynolds number using Eqs. 15, 16 and 18 at y' = 5 shown in 
Figure 12. The curve in Figure 12 has the same form as the 
experimentally obtained curve. The calculated Ak values are 
in good agreement, but the same level is not obtained. This 
difference might occur because of an overestimation of du'/ 
dy" and/or because the y C 3  correlation is not valid as far out 
from the wall as y +  = 5. 

Computer Simulations 
Mean velocity profile and friction factor 

Simulations have been performed with all the models for 
fully developed turbulent flow between parallel plates. The 
expected y +  = u' relationship was observed for all four models. 
Dean (1978) made a very comprehensive literature review of 
the influence of the Reynolds number on the friction factor 
and other bulk variables in two-dimensional rectangular duct 
flow of large aspect ratios. The computed values of the Fanning 
friction factor f are compared in Table 4 with Dean's suggested 
correlations for this quantity (see Eq. 17). As can be seen, an 
underestimation results with all models (in the order of 10%). 
This trend is also observed when a comparison is made with 
results from direct numerical simulations of the Navier-Stokes 
equations (Kim et al., 1987). (The predictions of the direct 
numerical simulations are quite close to the value obtained 
from Dean's correlation with only a - 3% underestimation.) 
The reason for the underestimation of the friction factor can 
probably be found in the procedure of tuning the model con- 
stants. Chien, for instance, tuned the constants against meas- 
urements of Laufer (1951), Clark (1968), Eckelman (1974), 
and Kreplin and Eckelman (1979). These experimental inves- 
tigations report on spatially resolved measurements of tur- 
bulence statistics. The obtained f values in these experiments 
are about 10% lower than the values obtained from the cor- 
relation of Dean. 

Reynolds shear stress 
Simulation results of the Reynolds stress - pu ' u' in the near- 

wall region showed large variations among the models. As can 
be seen in Figure 13, the calculated Reynolds stress is smaller 
than the experimentally found values in the near-wall region. 
The values obtained from the JL, LB and NH models are 
several orders of magnitude too small. The model of Chien 
shows superior behavior compared with the other models in 

- 
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Figure 13. Dimensionless Reynolds stress, u' v' + vs. y+: 
Re = 22,600. 

this respect, and an approximately 40% underestimation is 
observed for Reynolds numbers larger than 10,OOO. For smaller 
Reynolds numbers the underestimation is smaller. Simulation 
results from the Chien model and experimental values of Ak 
are shown in Figure 12. 

Modification of the Chien model for the prediction of 
turbulent fro w between parallel piktes 

As the Chien model had the closest agreement with measured 
*in the very near wall region of the viscous sublayer of 
u ' u ' ,  it was chosen as the best alternative for further refine- 
ment so to fit the purpose here defined. (There is no major 
differences between the models in their ability to predict the 
law of the wall or other transport properties which distorted 
this choice.) Thus, to improve the performance of the Chien 
model a change was made in one of the model parameters. 
The value of c, in expression for f, (see Table 1) was changed 
to 0.0185. The choice for tuning this model parameter is based 
on the fact that it is contained in the wall damping function 
for the eddy viscosity expression. 

The result was an increase in the predicted values of the 
Reynolds stress in the viscous sublayer. Simulation results of 
the Reynolds stress variation in the viscous sublayer with this 
modified Chien model are shown in Figure 12. Good agreement 
between simulation and experimental results was obtained con- 
cerning the effect of the Reynolds number on the values of 
Ak. 

The computed values of the friction factor f obtained with 
the modified Chien model show better agreement with Dean's 
(1978) suggested correlation of this quantity at low or moderate 
Reynolds number, but become worse as the Reynolds number 
increases. There is an increased ability of the modified Chien 
model to predict the mean centerline velocity compared with 
a suggested correlation made by Dean (1978). Equation 17 is 
the relationship for f ,  and the centerline velocity is described 
by (see Figures 14 and 15): 

u,/u, = 1 .28Re-0.0"6 

The prediction of E is only sEghtly influenced by the mod- 

11 (Loo6 + \  - 
I + -  

Figure 14. Fanning friction vs. the Reynolds number. 

ification of the expression forf,. The calculation of k+  in the 
viscous sublayer follows almost precisely the equation pro- 
posed by Coles (1978); k' = 0.05 xy+*,  but there is a decreased 
ability to calculate the expected peak value of k' at y+ = 12. 
The predicted peak value of the turbulent kinetic energy is 
decreased by -12.5%, which gives poorer agreement with 
experimental data. However, the predictions of the modified 
Chien model are not poorer than the predictions made by the 
other three models. 

To test the ability of the modified Chien model to predict 
other flow geometries than flow between parallel plates, sim- 
ulations were also performed of circular duct flow and flow 
over a flat plate with no pressure gradient. The results for flat 
plate flow were compared with experimental values obtained 
by Wieghardt and Tillmann (1951). The prediction of the fric- 
tion factor is excellent with the original Chien model with only 
a 1% underestimation after 5 m, whiie the modified version 
overestimates the friction factor by 6.6%. Pate1 et al. (1985) 
who tested seven low Reynolds number k-E models also made 
comparisons with Wieghardt and Tillman's experimental re- 
sults. The best results were obtained with the Chien model, 
which gave a 1.2% overestimation. The results from the other 
models scattered significantly, and the second best model made 
a 7.8% miscalculation. So, the modified Chien model still 

Re 
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makes better predictions than the other six low-Reynolds-num- 
ber k-e models (among others, LB and JL) tested by Patel et 
al. The simulated values of circular duct flow were compared 
with calculated values from the Blausius equation: 
f= 0.079Re-0~25. The agreement is good for the original Chien 
model, while the modified version gives an approximately 10% 
overestimation. 

Finally, it must be pointed out that the modification made 
to the Chien model did not improve the model itself. It is 
merely a tuning of the constants in the model to predict tur- 
bulent flow between parallel plates with better accuracy. There 
are other means of obtaining this effect, but it is beyond the 
scope of this article. 

Discussion 
The most important results from the LDV measurements 

are the Reynolds stress profiles. Turbulence statistics show that 
the measurements are of high quality. The experimental results 
support the correlation, - u' u' + - in the viscous sub- 
layer, although the experimental uncertainty is high. The fit 
was rather good at low Reynolds numbers, but worse at higher 
ones. A comparison with results found in the literature shows 
a clear trend of Reynolds number dependence on Ak. Due to 
the dependence of the Reynolds number on Ak,  the classical 
idea of inner-law scaling is not valid for the Reynolds stress 
considered in the Reynolds number range covered. Recently, 
Wei and Willmarth (1989) published results of Reynolds nKm- 
ber dependence - on statistical turbulence quantities (u", v ' * ,  
and u ' u ' ) .  The results of this investigation also demonstrated 
that inner-law scaling is not valid in the Reynolds number range 
3,000 <Re< 40,000. 

The transport equations for momentum were solved with 
the aid of a turbulence model. The turbulence model family 
chosen was low-Reynolds-number k-E models. The four k-E 
models tested described the velocity profile in the viscous sub- 
layer for turbulent flow between parallel plates with fairly good 
accuracy. However, regarding the calculation of the Reynolds 
stress - p u ' u ' ,  a comparison with the LDV results showed 
that the models underestimated the Reynolds stress in the vis- 
cous sublayer. The best fit to the experimental data was ex- 
hibited by the Chien model (1980) which gave calculated values 
of about 60% of the experimentally obtained values. The rea- 
son for this underestimation can probably be found in the 
criteria used for the optimization of simulation results of mo- 
mentum, k,  E and overall parameters such as the friction factor. 
Since the molecular diffusivity in the calculation of these quan- 
tities in the viscous sublayer is several orders of magnitude 
greater than the turbulent diffusion, a miscalculation of - u'u'  
can be neglected for these quantities. 

A numerical procedure spatially resolving the variables of 
the governing equations is very powerful for simulating trans- 
port phenomena, especially in more complex situation where 
the molecular properties like viscosity and diffusivity change 
due to local temperature or concentration gradients. A pre- 
requisite is naturally that the model and procedure are reliable, 
especially in those regions where this is required, such as the 
case of high-Schmidt-number mass transfer very close to the 
wall (y+ < 1) demonstrated in Figure 1. We have shown that 
this is possible and have made careful measurements to improve 
and validate a predictive model. 

- 
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Notation 
A ,  B, C = coefficients in the expression f o r h e  variation of 

A, = coefficient in the correlation: uIv)+ = Ag+'  
A ,  = coefficient in the correlation: u ' u ' '  =A,y+" 

C, = coefficient in the k-e model 
C,, = coefficient in the k-e model 
C,, = coefficient in the k-e model 
9 = molecular diffusivity, m'/s 
D = function in the k-e model for low-Reynolds-number ef- 

fects 
E = function in k-e model for low-Reynolds-number effect 
f = Fanning friction factor 
f, = function in the k-e model 
f2 = function in the k-E model 
f,, = wall-damping function in the k-E model 
F = flatness factor 
h = height of channel (wall to wall), m 

k = turbulent kinetic energy, mZ/s2 

I' = viscous length, I' = w/u*, m 
n = exponent in Eq. 7 
P = mean temporal pressure, N/m2 

Re = Reynolds number 

R, = turbulence Reynolds number, R, = P / v e  
R, = turbulence Reynolds number, R, = f i y / w  

S = skewness factor; source term 
t' = viscous time, t* = v / ( u ' ) , ,  s 
U* = friction velocity, m/s 
u' = fluctuating velocity in x direction, Cartesian coordinates, 

u, = mean centerline velocity, m/s 
u, = mean bulk velocity, m/s 
U = mean velocity in x direction, Cartesian coordinates, m/s 
u = fluctuating velocity in y direction, Cartesian coordinates, 

m/s 
V = mean velocity in y direction, Cartesian coordinates, m/s 
x = distance/coordinate in flow direction, m 
y = distance/coordinate perpendicular to the wall, m 

B = constant in the logarithmic velocity law 

h +  = dimensionless height of channel, h' =hu'/w 

k' = dimensionless turbulent kinetic energy, k +  = k / ( u ' ) ,  

Remod = (Re- 3,000) x 

m/s 

- 

- 

y' = dimensionless distance perpendicular to the wall, 
y +  =yu'/w 

Greek letters 
I' = diffusion coefficient, m2/s 
e = turbulent kinetic energy dissipation rate, m2/s3 

e +  = dimensionless turbulent kinetic energy dissipation rate, 
€ +  = W € / ( U * ) 4  

F = E - D  
K = Von Karmans constant 
w = kinematic viscosity, m2/s 
w, = turbulent viscosity, m2/s 
p = density, kg/m' 
u = molecular Schmidt number, u= v / D  

u, = turbulent Schmidt number for E 
ux = turbulent Schmidt number for k 
rt = dimensionless total shear stress 
r, = coincidence time interval, s 

rtur = turbulent flow of momentum, kg/m.s 
4 = dependent variable 

Subscript 
w = wall value 
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